It is proved that a function is pluriharmonic in the open unit ball of C if and only if it is harmonic with respect to both the ordinary Laplacian and the invariant Laplace-Beltrami operator.
A complex function u defined in an open subset of C is said to be pluriharmonic if it satisfies the n2 partial differential equations (1) d2u/dzidzj = 0 (ij= l,...,n). Since A^ = 0, (10) implies that/rç^ = 0 for all/? and 9. Hence fpq = 0 unless /> = 0 or q = 0. It follows that Pk = fk0 + /0 ¿, the sum of a holomorphic polynomial and one whose complex conjugate is holomorphic. Thus each Pk in (6) is pluriharmonic, and term-by-term differentiation shows the same for u.
Postscript. In view of this theorem, one may ask whether the inequalities Aw > 0, Au > 0 imply that u is plurisubharmonic in B. The polynomial u(z) = ZXZX + Z2 Z2 -Z3 Z3
shows that this is not so (at least when n > 2), since Am = 4 and Aw = 4(1 -\z\ )(1 -m) > 0, but m(0,0, w) = -\w\ is not a subharmonic function in the unit disc.
